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Abstract 
An analysis of the fluctuations in the phase space distribution of hadrons pro-
duced in the decay of 78829 Zº has been carried out, using the method of 
factorial moments. The .high statistics collected by the DELPHI experiment 
at LEP during 1990 allowed studies of the event sample both globally and in 
intervals of Pt and multiplicity, and for different jet topologies and for single 
jets. A large contribution to the factorial moments of the one-dimensional data 
on rapidity with respect to the event axis comes from hard gluons. Details of 
factorial moments in two and three dimensions are presented. Influences of res-
onance decays have been studied by Monte Cario simulation: one-dimensional 
factorial moments at low p,, and two-, three- dimensional analyses are affected. 
Parton Shower models describe the data reasonably well. 
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1 Introduction 
This paper presents results of the study of fluctuations- in the distribution of hadrons 
produced in e+ e- collisions at the Zº energy, using the DELPHI detector at LEP. It 
follows and complements previous studies [1] using a sarnple of hadronic events with 10 
times higher statistics. Preliminary results have already been reported[2]. 
In order to provide a quantitative test of anomalous multiplicity fluctuations (spikes) 
in variable intervals of rapidity, Bialas and Peschanski[3] proposed in 1986 to analyze 
the distributions of multiplicity in terms of normalized factorial moments. Given an 
experimental distribution of particles in the rapidity interval from -Y/2 to Y/2, the 
interval Y is divided into M equal subintervals, each of size óy = Y/ M. If N is the 
number of particles in the whole rapidity interval and nm the number of particles in the 
m-th hin (m = l...M), the factorial moment of (integer) rank j of the distribution is 
defined by 
Mi-1 M 
F1(óy) = N · < L nm(nm - l) ... (nm - j + 1) > 
< >3 m=I 
(1) 
where the averages are taken over many events. The factorial moment of rank j for a 
rapidity interval óy selects events with j particles or more in at least one hin and is 
sensitive to events with density fluctuations in rapidity. 
Simple models representing the hadronization process as a random cascade with self-
similar structure predict a powerlike increase of the factorial moments when the hin size 
óy approaches zero, i.e. 
F1 ex: (l/óy) 11 , f; >O (2) 
and the validity of the above relation was taken by the authors of reference [3] as the 
definition of intermittency, a term borrowed from hydrodynarnics, as are most of the 
mathematical techniques used in this field [4]. Relation (2) has been taken in this article 
as definition of intermittency, as no universally accepted definition exists in the literature. 
The first direct measurement of factorial moments in e+ e- annihilations by the TA SS O 
collaboration[5], ata centre of mass energy of around 35 Ge V, appeared to show an inter-
mittencyeffect that could not be explained by the JETSET Parton Shower Monte Carlo[6] 
(JETSET PS in the following), nor by the Marchesini-Webber (7] or Hoyer(S] models. The 
TASSO results agreed with an indirect analysis of the HRS data(9] at ../S =29 Ge V. Later, 
the HRS collaboration has made a further analysis[lO], which agreed with reference[9], 
but no explicit comparison with Monte Cario models was made. The predictions of va-
rious models for e+e- interactions differ considerably at high energies(ll]. This situation 
has motivated an investigation of possible intermittency effects in e+ e- annihilation at 
the zo energy. An initial analysis[l] used the earliest data taken by DELPHI[l2] at the 
e+ e- storage ring LEP. The presence of intermittency, as defined in (2), was unclear 
when just the rapidity distribution of final-state hadrons was studied, but evident in a 
two-dimensional analysis. In ali cases the results were compatible with the predictions of 
parton shower models[l3]. Subsequently, CELL0(14] reported an agreement with parton 
shower models at the sarne energy as TASSO, and OPAL[l5] and ALEPH(l6] at the sarne 
energy as DEILPHI. 
The subject of intermittency has motivated many theoretical studies and experimen-
tal investigations over the last few years, for which exhaustive reviews have been pub-
lished(l 7]. These often introduce new physics to explain the phenomenon. However many 
authors have pointed out that self-similar cascading mechanisms(3,18,19], or models in 
which simple hypotheses for standard short-range correlations are introduced(20], can 
also reproduce the observed effects. 
2 
2 Event selection 
The sample of events used in the present analysis was collected by the DELPHI detec-
tor at the LEP e+e- collider during 1990. A description of the DELPHI detector can be 
found elsewhere[l2]. Only charged particles reconstructed by the central detectora were 
used in this analysis, selected if their: 
(a) Polar angle (} with respect to the beam axis was between 25º and 155º; 
(b) Momentump was between 0.1 and 20 GeV/c; · • 
(c) Trad length in the Time Projection Chamber (TPC) was over 50 cm; 
( d) Projection of impact parameter with respect to the origin in the plane perpendi-
cular to the beam axis was below 5 cm; 
(e) impact parameter along the beam with respect to the origin was below 10 cm. 
Hadronic events were selected by requiring: 
(a) at least 5 charged particles with momentum p above 0.2 Ge V /c; 
(/3) a total energy detected in charged particles (assuming 11"± mass) above 15 Ge V; 
(1) a total energy in charged particles above 3 Ge V in each of the two hemispheres 
with respect to the beam axis, i.e. cose < O and cosB > O; 
( ó) a sphericity axis with polar angle between 40° and 140°; 
(€)total momentum imbalance below 30 Ge V /c; 
A sample of 78829 events satisfied these cuts. Beam-gas scatters, ¡¡ interactions and 
decays of the za into T+T- constitute less than 0.3% of the selected sample. 
The Monte Cario simulation program DELSIM[21] was used to correct the data for 
the geometrical acceptance, kinematical cuts, resolution, particle interactions with the 
detector material and other detector imperfections. A sample of Zº decays, with similar 
statistics to the sample of real events, (see below) was generated with JETSET 7.2 PS[6] 
and followed through this detailed simulation of the detector. The generated event sample 
contained ali final state charged particles with a lifetime above 10-9 s before any tracking 
was done through the detector. Al! particles were then followed through the DELPHI 
detector, including ali the effects of decays and interactions, in order to simulate the 
raw hits in the sensitive volumes. These data were then processed through the same 
reconstruction and analysis chain as the real data to give the final accepted event sample. 
From the samples of accepted and generated events, correction factora 
C(óy) = F(óy)generaled 
F( Óy )accepled 
were computed. These factors were then used to correct the quantities calculated from 
the real data and are shown above the figures. 
This analysis uses the rapidity defined as y= 1/2 · ln[(E + p¡)/(E - p1)] where E is 
the charged particle energy assuming the pion mass and p¡ its longitudinal momentum, 
transverse momentum Pt and azimuthal angle </> (see section 3.2). Al! three variables, 
where not explicitly stated, are defined with respect to the sphericity axis. 
The resolving power of the detector was estimated by the Monte Cario simulation. 
Typically 2,3,4,5 tracks could be resolved if their rapidities differed by more than 0.04, 
0.06, 0.07, 0.08, which are less than the smallest rapidity interval used in the experimental 
, 
• 
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studies here presented. Resolutions on p, and <P variables were found to be lower than 
the smallest bins used in the analysis. 
A possible bias in the evaluation of the "true" factorial moments due to limited sta-
tistics has been investigated by dividing the data into 10 equally populated subsamples. 
Factorial moments of rank q were calculated for each of the 10 subsamples and their 
average value was computed; the comparison between this value a:nd that calculated 
for the whole sample gives the estimate of bias. Monte Cario samples ( JETSET PS at 
generator leve!) and real data samples of different sizes have been used and in both cases 
it was found that the bias is negligible for samples of 10000 events or more, up to the 5-th 
rank. Moreover, as the analysis uses similar statistics for the simulated and real data, 
such effects should cancel in any comparison. 
A correction to the 'Y conversion length in the detector has been included. This 
correction was estimated using the final simulated PS events and adding extra parti-
cles (electrons and positrons) produced by 'Y generated by JETSET Monte Cario and 
then converted in an extra 1.1 % of a radiation length in the Inner Detector; comparison 
between factorial moments obtained with and without applying this procedure gives a 
quantitative evaluation of the systematic shift. 
3 Analysis and results 
In this section factorial moments of projections of distributions of charged hadron 
from the decay of the Zº are compared with the predictions of QCD-based Monte Cario 
programs. 
Initially the corrected data were compared with JETSET PS with default parame-
ters, as these reproduce the hadronic final states from the decay of the zo satisfactorily, 
both for shape variables[22-24] and, more importantly, for total multiplicity and for 
multiplicity in restricted intervals of rapidity and in different jet topologies[25]. They 
are also compared with JETSET PS after retuning of the parameters [23,26]; with the 
JETSET 7.2 Monte Cado with a matrix element calculation up to O(a~) with optimized 
parameters [23] (JETSET ME retuned) and with the ARIADNE[27] Monte Cario using 
optimized parameters[23,26]. 
Taking the uncertainties in the retuned parameters into account, the different retuned 
versions of JETSET PS and ARIADNE give compatible resulta on factorial moments. 
The figures show resulta for JETSET PS and ARIADNE retuned as in reference[23]. 
3.1 Analysis of one-dimensional factorial moments of rapidity 
Figure 1 shows the corrected factorial moments of the rapidity distribution between 
-2 and +2. The logarithms of the factorial moments grow with the logarithm of the 
number of subdivisions for ali ranks, but this growth is not linear. The figure also shows 
the predictions for JETSET PS default, JETSET PS retuned, JETSET ME retuned 
and ARIADNE. The hatched regions represent the uncertainties in the moments for the 
models with retuned parameters except for JETSET ME . 
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The JETSET PS default represents tb.e data well, as do the retuned JETSET PS 
and retuned ARIADNE models. In JETSET ME the retuning of the fragmentation 
parameters causes a big change both in the magnitude of the factorial moments and in 
the slope of their distribution for small values of óy, as was previously shown(l]. However, 
even after retuning, the ME model fails to reproduce the data quantitatively. 
In this analysis (figure 1) the central region of the rapidity interval was chosen where 
the density of particles is approximately uniform, because a non-uniform population can 
fake the signa! from the anomalous clusters. However, this excludes 'the particles closer 
to the core of the jets. To overcome this Bialas and Gazdzicki(28] and Ochs(29] suggested 
using a variable fj that is the y distribution rebinned in the Y=in, Y=•r interval in such a 
way that population is uniform on average. 
-( ) 1 ¡· 1 dn ( ') d I yy=- --y y e Ymin N ••• dy (3) 
e = ¡•m•• _1_ dn (y')dy' 
JYmin Nevt dy 
where N 1 ddn (y) is the rapidity distribution. The fj range is O to l. U sing self-similar 
e11t Y 
models for the hadronization these authors found that factorial moments defined with 
respect to y predict the power law (2) even more closely than when using y. 
Factorial moments in the y distribution corresponding to the y region between -5 and 
+5 gave results qualitatively similar to those using the y distribution. 
In the following, unless otherwise stated, the variable y is used when analyzing the 
dependence of the factorial moments on pi, the multiplicity and the jet topology and 
y is taken between -5 and +5. This provides a convenient way to compare the resulta, 
independent of changes in the selected y distribution caused by the kinematic selections. 
3.1.l Dependence on Pt 
The NA22 collaboration, studying 11'+p and Ktp collision at 250 Ge V /c, reported 
a striking disagreement between data and hadronic Monte Cario models for charged 
particles at low p,(30]. 
Different dynamics in hadronic and e+ e- collisions inf!uence the p, distribution. Ne-
vertheless it is interesting to see wether the Pt distribution in the data is populated in the 
same way as JETSET PS. Moreover, the low-Pt region is almost free from effects related 
to hard gluon radiation, which significantly affect the factorial moments(l6]. 
Charged particles were divided into three regions of p,, (p1 < 0.255, 0.255 < p, < 0.532, 
0.532 < p1 < 2. GeV /c) chosen so that the total number of particles in each is the same, 
in order to avoid any bias in the result from statistical differences. After dividing the 
final state particles into these slices of p1 the variable y was transformed into y for each 
slice, as discussed above. 
Figure 2 shows that the data are well reproduced by Parton Shower modela in these 
three p, regions. 
At the lowest p1 the factorial moments follow a power law behaviour for M above 5 
but Monte Cario studies show that it is due to resonance decays; see section 3.3 for a 
general discussion. 
' 
\ 
' 
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The highest Pt region shows higher factorial moments, but they saturate for large M. 
This behaviour is compatible with a rise due to the spikes caused by the presence of the 
hard gluon jets, and flattening off when fluctuations are reduced because óy becomes of 
the same order or smaller than the third jet size. For small M values factorial moments 
are sensitive to the large scale event structure, where any jet not collinear with the event 
axis behaves as a "spike"; whereas at large M the values are sensitive to the structure 
inside the jets. 
The intermediate slice in Pt has lower factorial moments which show saturation for 
large M. 
3.1.2 Dependence on Charged Multiplicity 
The behavior of factorial moments has been studied as a function of the charged 
multiplicity of the event. 
The sample of hadronic events has been divided in 3 sub-samples with reconstructed 
charged particle multiplicities n in the intervals n ~ 16, 16 < n ~ 22 and n > 22 in 
the rapidity interval from -5 up to +5; they correspond respectively to the low multiplic-
ity tail, to the central region around the maximum and to the high multiplicity tail in 
the multiplicity distribution and contain more than 10000 hadronic events each. The fj 
variable has been calculated for each of these regions. 
The results shown in figure 3 demonstrate that the factorial moments rise with mul-
tiplicity. 
To compare data with Monte Cario models one faces the problem of associating an 
observed multiplicity to a generated event. To do this the unitary matrix M(m, n) has 
been estimated, whose elements are the probability of an event with observed charged 
multiplicity n to have a true charged multiplicity m. The three generated sub-samples 
are then constructed by weighting each event by the proper factor M(m, n) according to 
its multiplicities (m-generated, n-observed). The matrix has been estimated using the 
JETSET 7.2 PS + DELSIM events sample. The M(m, n) values were also computed 
using Herwig[31] + DELSIM program and the differences were found to be less than the 
statistical errors on average. 
Figure 3 shows the predictions of the JETSET 7.2 PS Monte Cario with default set-
tings. At low multiplicities differences between data and Monte Cario are of the order 
of three standard deviations, for medium multiplicities of two and for high multiplicities 
less than one. However this disagreement is about the same size as the shifts in the 
JETSET resulta when retuned parameters are used in figures 1 and 2. The shift due to 
the correction for the extra 1.1 % radiation length in the detector is not included here, 
see section 2. 
The dependence of factorial moments on multiplicity is stronger before the correc-
tion to the real data, which can be seen from the correction factor behaviours for the 
three multiplicity regions. In particular for the low and the medium intervals, factorial 
moments for corrected data or Monte Cario samples are considerably higher than for 
uncorrected ones ( or Monte Cario after detector simulation and reconstruction), mainly 
because multiplicity distributions for the former samples are higher and much broader 
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( with tails) than the latter ones. In contrast, this difference is not observed for the full 
sample where the two distributions are very similar (figure 4). 
A similar analysis was also performed by using y in the interval from -2 to 2 and 
slicing the hadronic event sample in regions of observed charged particle multiplicities in 
the plateau of n ::; 10, 10 < n ::; 15 and n > 15. The resulta are qualitatively the same. 
3.1.3 Dependence on Jet Topology 
The 2-jet and the 3-jet events were selected using the JADE/E0[32] clustering al-
gorithm, with values of 0.04 and 0.01 of the resolution parameter Ycut, and using the 
following additional selections for cleaner samples of 2-jet and 3-jet eventa. Each jet 
must contain at least 3 charged particles. The axis of each jet was then defined as the 
direction of the sum of the momenta of the charged particles in the jet. This axis had 
to be in the region of polar angle between 40° and 140°. The estimated jet energies are 
based on the angles between the jets, assuming massless kinematics at an energy equal to 
the Zº mass. Both the estimated jet energy and the sum of the observed charged particle 
energies must be greater than 5 Ge V. 
The 2-jet events must ha ve over 170° between the two jet axes and each jet axis within 
8º of the sphericity axis. For the 3-jet events, the three jeta are required to be planar 
wi th the sum of the angles between their axes greater than 355º. 
These selections left 15044 2-jet and 14843 3-jet events for Y cut = 0.01 and 31640 2-jet, 
12749 3-jet events for Ycu• = 0.04. 
Figure 5 shows resulta for Ycut = 0.04 and figure 6 for Ycut = 0.01. No striking 
disagreement with respect to JETSET PS is observed. 
Factorial moments are always larger in 3-jet than in 2-jet events. This is compatible 
with spikes in rapidity caused by hard gluon jets, as was found in the Pt analysis of section 
3.1.1. This means that any study of intermittency which is to be free of effecta from hard 
radiation needs to analyse 2-jet events or to calculate factorial moments for each jet in 
an event. In this way the core of each jet is analysed to look for particle density spikes 
that are not from hard QCD effects. 
Hence in 3-jet events, selected from the JADE/EO algorithm using Y cut = 0.04, factorial 
moments in y were also calculated for the charged particles belonging to jet 1, jet 2 and 
jet 3, ordered by energy, defining the rapidity with respect to the jet axis. 
The results are plotted in figure 7 for data and Monte Cario {only JETSET PS re-
tuned). The behaviour of the factorial moments is different from figure 5. The first and 
third jet have similar behaviour, the second displays instead higher factorial moments. 
3.2 Projections onto Higher Dimensiona 
Recent theoretical work[33] suggests that the saturation of factorial moments at óy ~ 
0.1 is the result of the smearing of fluctuations due to the projection of phase space onto a 
one-dimensional subspace. Stronger intermittency effects should appear in two and three 
dimensions. The variables used here for two- and three-dimensions factorial moments 
are y, <P and p1• The angle <P is measured starting from the azimuth <jJ,2 of the second 
eigenvector of the momentum tensor, because the <P distribution is peaked at <jJ,2 • 
I 
' 
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When increasing the number of dimensions, the problem of the non-uniformity of the 
distributions becomes of primary importance. The variables y, p, and ,¡,are not uniformly 
distributed within each event and are correlated with each other and therefore they have 
been transformed in the way suggested by Bialas and Gazdzicki[28]. This transformation 
acts in multi-dimensional spaces as fj does in one dimension. In two dimensions it defines 
two new variables X2(y), 1';(y, ,P) with uniform mean population of the (X2 , Y2 ) space. 
This is often called the (y,,P) transform. In three dimensions ((y,T,p,) transform) it 
defines X3(y), Y3(y,,P),Z3(y,ef,,p,), where X2 = X3 =y and Y2 =y;: The X, Y and Z 
range is O to 1; P• were selected in the range O to 2 Ge V/ e, ,¡, between O and 2ir and y 
between -5 and +5. 
To calculate factorial moments the phase space has been subdivided by halving the 
bins first for X, then Y and Z intervals; then again X,Y and Z and so on. If d is 
the dimension of the phase space, when M = 2dn each single variable interval has been 
divided in M' = 2n bins. By plotting Fq versus log2(M)/d a vertical slice has always 
the same number of subdivisions in X for ali analyses and in Y for two-dimensional and 
three-dimensional analyses . 
.J:actorial moments have been calculated also for ji, and ~ one-dimensional and (y,p,),· 
( ,P, p,) two-dimensional distributions. 
The factorial moments of one-dimensional, two-dimensional and three-dimensional 
projections are plotted in figure 8 and tabulated in Table l. 
When intermittency is investigated in three dimensions (y, ,P, p,) it follows relation (2) 
much more closely. The predictions of JETSET PS Monte Carlo model remain in good 
agreement with the data for one-, two- and three dimension analyses. 
Factorial moments in three dimensions display a stronger intermittent behavior than 
in the one- and two-dimensional analyses, as qualitatively predicted by three dimensional 
models [33]. The one-dimensional y factorial moments saturate at large M, and a similar 
effect, though less pronounced, is seen in two dimensions. Three dimensional factorial 
moments do not show saturation even though the numbers M;¡ of bins in which the X 
interval has been divided are the same as for the one- and two-dimensional analyses. 
3.3 Effects of Resonance Decays 
Resonance decays affect the factorial moments. Results from the CELLO collaboration 
ha ve shown that this contribution is relevant in e+ e- collisions[l4] at lower energy. 
The effect of resonance decays has been studied using the JETSET PS Monte Carlo 
with default settings, that describes the data reasonably well. Samples of 100,000 
hadronic events ha ve been generated a) switching off the ir0 decays, and b) switching 
off ir0 , w, p, r¡ and r¡' decays. 
Factorial moments are mostly affected by the irº Dalitz decay (irº --+ e+e-¡) both in 
their absolute values and in their shape at high M. The other resonance decays mostly 
affect the absolute value, uniformly in M. 
The most relevant effect in one-dimensional analyses is at low p,, where the power law 
behaviour at high M shown in figure 2 disappears when switching off the irº Dalitz decay. 
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The other one-dimensional analyses are not essentially affected by resonance decays, 
second and third rank factorial moments being increased by 1-2% and 2-5% respectively. 
In two- and three- dimension the 11'0 decays dramatically affect the factorial moments 
of second rank, whereas the third rank is relatively unaffected. In figure 9 are shown 
results on one-dimensional y, two- and three-dimensional factorial moments obtained 
with JETSET PS Monte Cario with default setting, with and withoút the contribution 
of resonance decays. 
4 Conclusions 
An analysis of factorial moments of distributions of zo hadronic final states, based 
on a statistics 10 times larger than previously published[I], confirms that Parton Shower 
models give a reasonable overa!! description of the data. 
Analyses of events in different jet topologies and different intervals of Pt show that 
f!uctuations in the one-dimensional study come mainly from hard QCD effects. 
The presence of intermittency, as defined in this paper, is not evident in one-
dimensional projections, but becomes more evident in the two and three-dimensional 
analyses. 
Inf!uences of resonance decays ha ve been studied by Monte Cario simulation. Factorial 
moments in the y variable are affected at low Pt as are the second rank factorial moments 
in the two- and three dimensional analyses. 
No evidence for new physics is found because the models adequately describe the data. 
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log2 "J Rank 2 
y </> (p,) 
o ± 
1 1.076 ± 0.007 1.047 ± 0.007 1.040 ± 0.007 
2 1.227 ± 0.009 1.039 ± 0.007 1.090 ± 0.007 
3 1.341 ± 0.01 1.055 ± 0.007 l.llO ± 0.007 
4 1.41 ± 0.01 1.071 ± 0.007 1.120 ± 0.007 
5 1.44 ± 0.01 1.077 ± 0.008 1.123 ± 0.008 
6 1.45 ± 0.01 1.086 ± 0.009 1.123 ± 0.009 
log2 "J Rank 3 
y </> (p,) 
o ± ± ± 
1 1.25 ± 0.01 1.15 ± 0.01 1.13 ± 0.01 
2 1.91 ± 0.02 1.13 ± 0.01 1.28 ± 0.01 
4 2.39 ± 0.04 1.20 ± 0.01 1.36 ± 0.02 
4 2.72 ± 0.05 1.26 ± 0.02 1.40 ± 0.02 
5 2.86 ± 0.06 1.29 ± 0.02 1.41 ± 0.02 
6 3.00 ± 0.07 1.31 ± 0.03 1.40 ± 0.03 
log2 '; Rank 2 
(y,</>) (y, p.) (<f>,p,) (y,</>, p,) 
o 1.047 ± 0.007 1.040 ± 0.007 1.042 ± 0.007 1.040 ± 0.006 
1 1.064 ± 0.007 1.066 ± 0.007 1.104 ± 0.007 1.082 ± 0.007 
2 1.337 ± 0.01 1.075 ± 0.007 1.288 ± 0.009 1.40 ± 0.01 
3 l. 714 ± 0.015 1.126 ± 0.009 1.451 ± 0.012 1.96 ± 0.02 
4 1.99 ± 0.02 1.171 ± 0.013 1.588 ± 0.017 2.62 ± 0.07 
5 2.22 ± 0.04 1.208 ± 0.023 1.689 ± 0.029 3.29 ± 0.24 
6 2.59 ± 0.07 1.244 ± 0.044 1.673 ± 0.051 
log2 "¡ Rank 3 
(y,</>) (y, p,) (<f>,p,) (y,<f>,p,) 
o 1.15 ± 0.01 1.125 ± 0.0ll 1.29 ± 0.0ll 1.13 ± 0.01 
1 1.22 ± 0.01 1.228 ± 0.013 1.352 ± 0.015 1.29 ± 0.02 
2 2.38 ± 0.03 1.256 ± 0.016 2.218 ± 0.036 2.76 ± 0.06 
3 4.97 ± 0.11 1.46 ± 0.033 3.13 ± 0.08 7.6 ± 0.54 
4 7.8 ± 0.3 1.79 ± 0.10 4.10 ± 0.19 17.1 ± 4.1 
5 9.8 ± 1.0 2.13 ± 0.40 4.75 ± 0.63 
6 11. 7 ± 3.2 2.3 ± 1.4 3.96 ± 1.8 
Table 1: Values of factorial moments for one-dimensional, two-dimensiona/ and 
three-dimensiona/ ana/yses shown in Fig. 8 . 
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